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Useful Definitions

The canonical partition function

The partition function of a system interacting with a heahl temperaturd” is given by

__H(a.p)
2(T) = /F 3P aq dp, )

whereH (q, p) is the Hamiltonian of the considered systefithe temperature of the surrounding heat bath (in degree
Kelvin) andkp = 1.38044 - 10~ 23J/K.
Free energy
Helmholtz free energy’ can be obtained from the partition function using
F = —kpTInZ, 2)

wherek g is Boltzmann’s constant (see above).

Problem 1 - Nonideal monoatomic gas

Derive an approximate expression for the first term of thedvexpansion” for a nonideal gas 8f indistinguishable
particles in a volumé’ at low temperatur&’. The particles interact via a pair potential of the Lenndodes form

= [(2)-2(2)] ©

see Figure 1 for a qualitative representation. Recall ttmgeneral virial expansion has the form

k:% = n+ By(T)n? + Bs(T)n® + ... . 4)

Plot the obtained approximation of the virial coefficigsg(T").

u(r)

Figure 1: Qualitative plot of the Lennard-Jones potential.
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Homework 1 - Thermal expansion of two particles

Figure 2: A one-dimensional two-particle system.

Consider a one-dimensional system of two particles withsass interacting via a Lennard-Jones potential of

the form b ]
o =u(2)"-2(2)]. ®

wherer = a is the location and.(a) = u, the depth of the energy well corresponding to the spacifig-at0 K.
Choose the coordinate systeffas, p1) and (g2, p2) such thaty; = 0 andp; = 0 at all times (this coordinate
system moves with the left particle) angd= 0 atq; = a, see Figure 2.

a) Derive the HamiltoniadZ (¢1, p1, g2, p2) of this system.

b) Compute the (canonical) partition function of the systefao do so, make use of a Taylor expansioruof)
aboutr = a (which isgs = 0) up to (i) second, (i) third and (iii) forth order terms. Usgquation (7) when
adequate to compute the resulting integrals.

c) Compute the expectation value for the separat{@ = a + ¢2(7"). Again, make use of a Taylor expansion of
u(r) up to (i) second, (i) third and (iii) forth order terms andeweguation (7) when necessary.
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T

d) Compute the thermal expansiofl’) Fg)) for (i), (i) and ().

In above calculations, integrals of the form

400 N
I= / " exp(z a;x’)dx (6)
- i=0
can be approximated by
400 2 ) N )
I~ / x" exp(z a;z")(1+ Z a;z")dz. @
o i=0 i=3

Such integrals can easily be solved using the formulae geovon the last hand out.
All calculations can be carried out by hand, however, youhmige Mathematica or Matlab if preferred.
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