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Useful Definitions

Hamilton’s Equations

The HamiltonianH as a function of coordinateg and momenta; = m;¢; of a system is most generally defined as
the Legendre transform of its Lagrangian

H(p,q) = > dxpx — L(a, 4). @
k

For the systems we will consider, the Hamiltonian is equahéir total energy and can be written as

H(p,q) = K(p) + V(a), )

whereK (p) = Y, p?/2m; andV (q) are the system’s kinetic and potential energy, respegtiidis property does
not hold necessarily in case of e.g. moving geometricaltcaimés or time-dependent potentials. Once the Hamiltonia
is known, the equations of motion can be obtained using

. _9H . 0H

Explicit time integration schemes for the equations of motia

Consider the equation of motion of a single particle with snasone degree of freedom and a (time-dependent)
force acting on it:
mi(t) = F(t). (4)

Given the state of the system at timéand possibly — At), we now look for ways to obtaim™*! = z(¢t + At) and
"t = y(t + At) wherev = 4.
Forward Euler

For the given problem with a linear spring, the Forward Eatdreme is unconditionally unstable.

Variant of Newmark
Following directly from the Taylor series, an approximatiaf (4) is:
At? Fm
"t = " A" - —

2 m

F
Tl = " At—. (5)
m

This coincides with an (unusual) Newmark's schemedet 0 andy = 0.

Classical Verlet

A second-order approximation of (4) is:

tQﬁ
m )

2"t = 2" — " 4 A
n+l _ ,n—1
= (6)

where the velocity is not needed for the integration andnisanveniently) only obtained at the previous step.
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Velocity Verlet

A variation of the classical Verlet algorithm that allowsaoturate update of the velocity is given by:

A2 F"
" = At At
2 m
At (F?  prtl
o= ””+2<m+ p ) @

Problem 1

N ‘
Figure 1: A particle confined between two massless sprifgsi($n undeformed state).
Given is a rigid massn whose position is described by the coordinatelt is bouncing back and forth one-

dimensionally between two massless springs of stiffnekses2 andk, = 3. Between the impacts with the springs
the free path of the mass has lendtk= 1 as shown in Figure 1.

a) Derive the Hamiltoniat (p, ¢) of the system.
b) Use Hamilton’s equations to obtain the equations of nmoftiom H (p, q).
c) Sketchy(t) for 0 < ¢ < T, whereT is one period of the system if its total energyfis

d) Derive and sketch the trajectory of the given system irsplspace if its total energy is.

Homework 1

Consider the system treated alreadyioblem 1. Download the compressed Matlab-filegl.zip that are an incom-
plete (one-dimensionatyolecular dynamics code meant to compute and plot the time evolution of the gsyestem
in two-dimensional phase space (see example given in Wgin8p).

a) Place two replicas of the systemgat= 0 andp = 1.25 (just setg,in = ¢maz = 0, Pmin = Pmaz = 1.25,
ny = 2 andn, = 1). Use the describedariant of Newmark for the integration of the trajectory of one of the
two particles and calculate the other's motion usuetpcity-Verlet for nstep = 10,000 steps up to a time of
T = 100. Store the total energy of both particles at each timestég. tlife evolution of the energies and the
final positions of both particles at= 7.

b) Now populate the phase space wittDa 20 equidistant grid of replicas lying betweep;,, = 0 andq,,,4.. = 0.5
on the coordinate axis and betweep;, = 1 andp,,... = 1.5 on the momentum axis. Ua&locity-\Verlet to
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calculate the evolution of the replicas fbr= 15 usingnstep = 1000 steps. The initial configuration is shown
in Figure 2 (right). Plot the final configuration. The volumktioe chosen ensemble should be preserved in
phase space (Liouville’s theorem).

c) Now populate the space with= 500 equidistant replicas lying at = 0 on the coordinate axis and between
Pmin = 1 @ndp,q. = 1.5 on the momentum axis and let them evolve o= 1000 usingnstep = 100, 000
(You might want to let this run overnight). If your computatal ressources (or your time) don't allow this,
reducen, T' andnstep accordingly. The initial configuration is shown in Figurel@fi). Plot the final config-
uration. The whole (accessible) phase space should bernyfgovered with replicas of the system (property
of mixing, guarantees ergodicity).

Representration of the replicas in phase space at t=0
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Representration of the replicas in phase space at t=0
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Figure 2: Initial setups for b) (left) and c) (right).

Questions/Comments/Suggestions?Felix Hildebrand - CLA H23.1 - 044/632-7755 - felixhi@etbla.



