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1 Objective

The objective of this lab is to develop a understanding optineciple of stationary potential energy

through the visualization of the potential energy in 1 ane@grde of freedom systems.

2 Principle of stationary potential energy

Define the following quantites,

ITiota . Total potential energy of the mechanical system,
Mejastic . Elastic energy in the mechanical system,
IToaa : Energy due to the load,

and define,

Htotal = Helastic + Hload .

Assume that all the energy quantites noted above depenhthvamiables or displacements,, - - -

ie.,
Htotal(“h to ,'LLN) :
By defining the vectou,

Uy

un
we can denote the dependence as,
Htotal(“) .

The principle of stationary potential energy states:

, UN,



A mechanical system is in an equilibrium state
&
IT;o1a IS Stationary.

More concretely this implies the following,

A mechanical system is in an equilibrium stata:at
&

Olliotal ,
el @)y =0fori=1,...,N

3ui

This principle allows us to look for the states of equilibnwf the mechanical system by looking
for the stationary points of the potential energy. This @ipte also tells us that if there are no
stationary points, then there are no states of equilibrium.

3 Potential energy for linear mechanical systems

For linear mechanical systems under the action of deads)dhg.; can be written as,

1
Htotal = QUTKU - uTF7
whereK is an/N-by-N matrix andF' is a sizeN vector. We will assume here and throughout that

K is a symmetric K = K”.
Example: Spring with an end-load

Consider a spring (spring constant fixed at one end and subject to a dead-Iéaak the other
end. This is an example of the case for= 1. Denote the displacement at the loaded end by
The potential energy of the spring and the potential enefglyeoload are:

1
1_[spring = §Uku7
Hload = _UFa
and thus:
1
Lot = éuku—uF.

Example: Bar with two loads



Consider the mechanical system consiting of an elastic blength L. fixed atz = 0 and subject

to two loads,F; at the pointr = a, andF; at the endr = L. Denote the displacementat a as

u1 and the displacement at= L asu,. Employing the knowledge that the displacement is linear
between the loads, one obtains the following expressiothiopotential energies:

LEA » 1 BA
2 0 1oL 4
Mpad = —Flug — Fous .

(U2 - U1)2 )

After some manipulation, the total potential energy canpeessed as,

1 BEA | EA _ BATT, F
s = gl ol [t | (]l v 7]
1
= iuTKu —ul'F.

4 Solutions for linear mechanical systems

The behavior of the solutions for linear mechanical systeamsbe understood by looking at the
properties of the matriK (assumed symmetric). There are several important cases:

1. K is (symmetric) positive definite (all eigenvalues are pesijt

e There is only one stationary point which is also a minimum.
e The minimum corresponds to a stable equilibrium state.

2. K has both positive and negative eigenvalues :

e There is at least one stationary point which is a saddle gootta minimum or maxi-
mum).

e The system is unstable at this point.
3. K has a zero eigenvalue:

e There is at least one stationary point.
e The system can be at most neutrally stable at this(these)soi

5 Exercise

5.1 Download files

Download the filepl ot ener gylv. mandpl ot ener gy2v. mfrom the Lab 6 folder on bspace.



5.2 Potential energy for a 1 degree of freedom case
The functionpl ot ener gy 1v. mplots the total potential energy for a 1 degree of freedoesdin
mechanical system. The potential energy for this system is,

1
Htotal = §UKU_UF7

where K and F" are scalars. This expression corresponds to the total fiedtenergy for a spring
(spring constank’) with end-loadF.
You should be able to run the function with the following kne

>> K = 1,

>> F = 1,

>> param u_range = [-2,2];

>> parame_range = [-2,2];

>> pl ot energylv(K F, param;

to obtain the Figure 1.

Plot of the Potential Energy
2 |

Energy
e

|
o
o

K -1 0 1 2
u axis

Figure 1: Sample potential energy for single degree of fveedystem

1. For each of the following cases, plot the energy, and Bkétresult on the axes given below
(make sure key features are identified) and answer the folgpguestions:

e Does the system have a solution (equilibrium point)?
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e Does the potential energy have a stationary point?

¢ If the system has a solution calculate it by hand. What doessthiution correspond
to in the plot (locate it). Is the solution a maximum, minimuon saddle state at this
point?

¢ If the system has an equilibrium point, is this point stablemstable?

@ K=2F=1
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(b) K=-2,F=1
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(c) K=0,F=1
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5.3 Potential energy for a 2 degree of freedom system

The functionpl ot ener gy2v. mplots the total potential energy for a 2 degree of freedoesdin
mechanical system as well as its countour plot and gradidre.potential energy for this system

IS,
L T
Iigiar = §u Ku—u'F,

whereK is a 2-by-2 matrix and is a 2-by-1 vector.
1. Potential energy for a 2 spring system

(a) Derive the expression for the total potential energyheftystem constructed from 2
springs shown in Figure 2. The stiffness of the springstar@ndk., the displacement
and load at the two nodes awg, F1, us, F5, respectively. Write down the expression
for K for this system.
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Figure 2: 2 degree of freedom system

(b) Foreach of the following cases, plot the energy usinduhetionpl ot ener gy2v. m
and answer the questions,

e Does the system have a solution (equilibrium point)?

e Does the potential energy have a stationary point?

e If the system has a solution calculate it by hand. What doasstblution corre-
spond to in the plot. Is the solution a maximum, minimum, oa@ddde state at this
point?

e If the system has an equilibrium point, is this point stableiostable? (HINT:
Compute the eigenvalues &f.)

You should be able to run the code with the following lines,

>> 9% K = DEFI NE AN APPROPRI ATE 2- BY-2 MATRI X;
>> % F = DEFI NE AN APPROPRI ATE LOAD VECTOR,

>> paramul range = [-2,2]; % Adjust as needed
>> param u2_range = [-2,2]; % Adjust as needed
>> pl ot energy2v(K, F, paran);
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il. kq :—1,]€2:1,F1 = 1,F2:1:

iii. ki =ky = —1,F1 = 1,F2 =1:



2. Potential energy for a shallow truss structureThe potential energy for the shallow truss
structure shown in Figure 3 is given as,

1
Migtar = §uTKu—uTF,
where,
K- 2F A 1 0
o (1+a2)3/2 0 a®

For this problem assumEA = 1 andF; = 0, F, = 1. Comment on the behavior of this
structure as decreases from = 1 to a = 0. Comment in terms of stability of the structure.

u27F2

u17F1

Figure 3: Shallow truss

6 Extra Credit

Download the Journal of Structural Engineering paper inléhe6 folder on bspace. This short
paper describes an analysis of a structural repair systanwiis used to fix a broken eye-bar on
the Oakland-San Francisco Bay Bridge a little over a year ago.

1. Read the entire paper and in your own words briefly summavizs is presented in the
paper (a half-page paragraph should be sufficient).

2. Verify that the results of the paper are correct by repcotuFigure 3 in the paper. [Note:
the value ofk is not needed. Simply pldi/k. This is sufficient to understand the behavior

of the system.]



