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1 Objective

The objective of this lab is to develop a understanding optineciple of stationary potential energy

through the visualization of the potential energy in 1 anegrde of freedom systems.

2 Principle of stationary potential energy

Define the following quantites,

ITiota . Total potential energy of the mechanical system,
Maastic . Elastic energy in the mechanical system,
IToaq : Energy due to the load,

and define,

Htotal = Helastic + Hload .

Assume that all the energy quantites noted above depenthamiables or displacements,, - - -

ie.,
Miotal (U1, - -+, un) -
By defining the vectot,

Uy

(Y
we can denote the dependence as,
Htotal(u) .

The principle of stationary potential energy states:

, UN,



A mechanical system is in an equilibrium state
&
IT;o1a1 IS Stationary.

More concretely this implies the following,

A mechanical system is in an equilibrium state:at
&

II
0] total(a)zoforizl,..-,N

Bui

This principle allows us to look for the states of equilibnwf the mechanical system by looking
for the stationary points of the potential energy. This @ipte also tells us if that there are no
stationary points, then there are no states of equilibrium.

3 Potential energy for linear mechanical systems

For linear mechanical systems under the action of deads)dhg.; can be written as,

1
ot = §UTKU' - uTF7

whereK is anN-by-N matrix andF' is a sizeN vector. We will assume here and throughout that
K is a symmetric K = K7,

Example: Spring with end load

Consider a spring (spring constani fixed at one end and subject to a dead-Iéaak the other
end. This is an example of the case for= 1. Denote the displacement at the loadd end:by
The potential energy of the spring and potential energy duled load are:

1
Hs rin, = —uk 5
pring 2'& u
Hload = _UFa
and thus:
iota —uku — ul’

Example: Bar with two loads



Consider the mechanical system consiting of an elastic fdength L fixed atz = 0 and subject

to two load,F; at the pointr = a, andF; at the endr = L. Denote the displacementat= a as

uy and the displacement at= L asu,. Employing the information that the displacement is linear
between the loads, one obtains the following expressiothfopotential energies:

1FA 2+1 FA
270 9L 4
hiosa = —Fiug — Fous .

(UQ - U1)2,

After some manipulation, the total potential energy cantpeessed as,
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4  Solutions for linear mechanical systems

The behavior of the solutions for linear mechanical systeamsbe understood by looking at the
properties of the matri¥<. Here we will assume again thaf is symmetric.

e K is symmetric positive definite (all eigenvalues are posjtiv

— There is one stationary point which is also a minimum.
— The system is stable.

e K has both positive and negative eigenvalues :

— There is one stationary point which is a saddle point (notranmmim).

— The system is unstable.
e K has a zero eigenvalue:

— There may be no stationary points or there maybe multiple.
— The system is unstable.

5 Exercise

5.1 Download files

Download the filepl ot ener gylv. mandpl ot ener gy2v. mfrom the Lab 6 folder on bspace.



5.2 Potential energy for a 1 degree of freedom case
The functionpl ot ener gy1v. mplots the total potential energy for a 1 degree of freedomdin
mechanical system. The potential energy for this system is,

1
Higtal = QuKu—uF,

where K and F" are scalars. This expression corresponds to the total fltenergy for a spring
(spring constani) with end loadF'.
You should be able to run the function with the following kne

>> K = 1,

>> F = 1,

>> param u_range = [-2, 2];
>> param e_range = [-2, 2];
>> pl otenergylv(K, F, param;

to obtain the Figure 1.

Plot of the Potential Energy
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Figure 1. Sample potential energy for single degree of freedystem

1. For each of the following cases, plot the energy, and Bkétresult on the axes given below
(make sure key features are identified) and answer the folpguestions:

¢ Does the system have a solution (equilibrium point)?
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e Does the potential energy have a stationary point?

¢ If the system has a solution calculate it by hand. What (andr@)hdoes this solution
correspond to in the plot. Is the solution a maximum, minimanmsaddle state at this
point?

¢ If the system has an equilibrium point, is this point stablemstable?

@ K=2,F=1:

Plot of the Potential Energy

0.
u axis

(b) K =—2,F=1

Plot of the Potential Energy

0.
u axis



(c) K=0,F=1

Plot of the Potential Energy




5.3 Potential energy for a 2 degree of freedom system

The functionpl ot ener gy 2v. mplots the total potential energy for a 2 degree of freedomdin
mechanical system as well as its countour plot and gradiérg.potential energy for this system

IS,
1

Htotal = _UTK'U:—UTF,
2

whereK is a 2-by-2 matrix and’ is a 2-by-1 vector.
1. Potential energy for a 2 spring system

(a) Derive the expression for the total potential energyhefdystem constructed from 2
springs shown in Figure 2. The stiffness of the springska@ndk,, the displacement
and load at the two nodes aiug, F1, us, F5. Write down the expression fdK for this
system.
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Figure 2: 2 degree of freedom system

(b) For each of the following cases, plot the energy usinduhetionpl ot ener gy2v. m
and answer the questions,

e Does the system have a solution (equilibrium point)?

e Does the potential energy have a stationary point?

¢ If the system has a solution calculate it by hand. What doiesstiiution corre-
spond to in the plot. Is the solution a maximum, minimum, oadde state at this
point?

e If the system has an equilibrium point, is this point stableiostable? (HINT:
Compute the eigenvalues &f.)

You should be able to run the code with the following lines,

>> % K = DEFI NE AN APPROPRI ATE 2- BY-2 MATRI X;
>> % F = DEFI NE AN APPROPRI ATE LOAD VECTOR,

>> param ul_range [-2,2]; % Adjust as needed
>> param u2_range [-2,2]; % Adjust as needed
>> pl ot energy2v(K, F, param;
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il k’lz—]_,k‘gzl,Flzl,ngl:

iii. k1:0,k2:1,F1:1,F2:1:



2. Potential energy for a shallow truss structureThe potential energy for the shallow truss
structure shown in Figure 3 is given as,

1
1_Itotaul = §’U/TK’UJ—’U/TF,
where,
2FA 1 0
TR {0 a2]

For this problem assumeEA = 1 andF; = 0, F, = 1. Comment on the behavior of this
structure ag decreases from = 1 to a = 0. Comment in terms of stability of the structure.
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Figure 3: Shallow truss



