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1 Objective

The objective of this lab is to understand that for a stab#tesy, the state of equilibrium corresponds NOT only to a
stationary point of the total potential energy but a minimum
In this lab you will,

e Use the MATLAB functionf m nunc, which computes the minimum of a function, to compute theimim
of potential energies for the two variable problem for saleases.

e Use the MATLAB functionf ni nunc to compute the equilibrium state of truss structures.



2 Principle of stationary potential energy

Define the following quantites,

Iiotal : Total potential energy of the mechanical system,
T elastic : Elastic energy in the mechanical system,
Ii0ad : Energy due to the load,

and define,

iotal = Helastic + Hioad -
Assume that all the energy quantites noted above depeidariables or displacements,, - - - , un, i.€.,
Mioar (1, -+, un) .
By defining the vecton,

U1

uN
we can denote the dependence as,
Htotal(u) .

The principle of stationary potential energy states,

The mechanical system is in equilibrium < Il is stationary.

More concretely this implies the following,

@) =0fori=1,...,N

. onu
The mechanical system is in equilibrium at u < 2 total

Uj

This principle allows us to look for the states of equilibriwf the mechanical system by looking for the stationary
points of the potential energy. This principle also tellsfubat there are no stationary points, then there are nestat
of equilibrium.

Additionally, if the system is stable one can state the foiihg,

For stablesystems, the potential energy,

Htotal = Hclastic + 1_[load 3

is not only stationary for equilibrium states, but will benégnimum.




3 Potential energy for linear mechanical systems
For the case of linear mechanical systefig,..; can always be written as,
Htotal(u) = %UTKU — UTF,

whereK is a N-by-N matrix andF is a sizeN vector. We assume here tHatis a symmetric matrix.
By employing the principle of stationary potential energy,

BHoa .
ﬁ(u):(), fori=1,...,N,
one obtains,
Hoa
0:8 ttl:Ku—F.
ou

Thus the stationary points (equilibrium poinfskatisfy the relation,
Kui=F.

As we have seen in the last lab, the behavior of the solutionkfear mechanical systems can be understood by
looking at the properties of the matriX. Here we will assume again thRt is symmetric.

e K is symmetric positive definite (all eigenvalues are positiv

— There is one stationary point which is also a minimum.
— The system is stable.

¢ K has both positive and negative eigenvalues :

— There is one stationary point which is a saddle point (notm@immuim).
— The system is unstable.

e K has a zero eigenvalue:

— There may be no stationary points or there maybe multiple.
— The system is unstable.

Truss structures:

For truss structures, the total potential energy withtbetapplication of boundary conditions is,

iotar(u) = %uTKu —u’F,
whereK is the N-by-N stiffness matrixu is a sizeN vector of nodal displacements, ailidis a sizeN vector of
applied nodal forces. We assume here #ails a symmetric matrix.V is the total number of degrees-of-freedom.
Recall the remark made th& is a singular matrix (has an eigenvalue equal to zero) withioer application of
boundary conditions.
In order to apply the boundary conditions, one must idertiyset of free degrees-of-freedady and the set of
known displacement degrees-of-freedaiy. Using these two sets, one can reorder and partition thetitjead, u,



andF such that the total energy has the form,

1
Miotar(u) = §uTKu—uTF
T T
- e B BT
2 |ug Koy Kaa| |ug ug| |Fa
1

1
= 511?Kff11f — u? (Ff — deud) + <§ungdud — ung)

1
= —u?Kffuf — U?I'f + Iconstant -

2
Here we have defined,
ry = Fy—Kygug,
1
Hconstant = (iungdud - ung) .

The definition oflI..,stant COMes from the fact that this contribution is a constant adépendent of the displacement
of the free degrees-of-freedom}. Sinceu is also known and constant, the dependendé.gf. onu is actually,

Htotal(u) = Htotal(uf) )

and depends only;. Thus the function that one must find the stationary points is
1 T T
Htotal(uf) = iuf Kffuf — ufrf N

where we have omitted ., ,stant SINCE it is a constant. By looking for the stationary pointe abtains the conditions,

aHtotal
0=——=K¢ —ry.
(?uf fraf — Ty
Thus the stationary points (equilibrium points) satisfy the relation,
Kffﬁf =7ry.

This equation looks identical to that which we have solvetiera As long as the system is stable, i.K; has all
positive eigenvalued]ot.i (U y) is the minimum.



4 MATLAB function minimization function FM NUNC

To find the minimum of a scalar-valued functior(;.;) depending on a vector argumantone can employ MAT-
LAB’s function minimization functiorFM NUNC.

FM NUNC finds a local mninmmof a function of several variables.
[ X, FVAL, EXI TFLAG = FM NUNC( FUN, X0, OPTI ONS) starts at X0 and attenpts to
find a local mininzer X of the function FUN. FUN accepts input X and
returns a scalar function value F evaluated at X. X0 can be a scal ar,
vector or matrix.
The function is mnimzed with the default optim zation
paraneters replaced by values in the structure OPTIONS, an argunent
created with the OPTIMSET function.
FVAL is the value of the objective
function FUN at the solution X

EXI TFLAG describes the exit condition of FM NUNC.
Possi bl e val ues of EXI TFLAG
and the corresponding exit conditions are

Magni t ude of gradient snmaller than the specified tol erance.
Change in X snaller than the specified tol erance.

Maxi mum nunber of function evaluations or iterations reached.

Al gorithmterm nated by the output function.

Li ne search cannot find an acceptable point along the current
search direction (only occurs in the nedi umscal e net hod).

NF,ONEPE

In MATLAB, type hel p f mi nunc to see more information on the function.
To use this function, one must specify the scalar-valuedtian FUN to be minimized.



5 Exercise

5.1 Download files

1. Download the fild r uss_conpl et e. zi p into yourcel30n/ week8/ | ab/ directory and unzip it.

YOU MUST RUN THE FILE init.m EVERYTIME YOU START UP MATLAB.

5.2 Computing the potential energy
Write a function which computes the total potential enemgyaf linear mechanical system,
1
Miotar(u) = §uTKu —u'F,

given the stiffness matriK, forcing vectorF', and displacement vectar. Complete the function,
truss_conpl ete/ corel/ potenti al energy. m
by adding the line of code which computes the potential gnfnga linear mechanical system.



5.3 Potential energy for a 2 variable case

Use the functiompl ot ener gy2v. mwhich constructs a surface and contour plot of the totalq@tenergy for a 2

variable linear mechanical system in combination with tections,
e truss_conpl et e/ core/ potenti al energy. m
e fm nunc. m

to compute and visualize the process of energy minimization
First define the stifness matriK and forcing vectoF and plot the potential energy.

>> cl ose all;

>> clear all;

>> K = DEFI NE THE 2-BY-2 MATRI X;
>> F = DEFI NE THE LOAD VECTOR,

>> param contour pl ot _pause = 0.1; % -- Pause in seconds between contour plot
>> paramul_range = [-3, 3];

>> param u2_range = [-3, 3];

>> pl ot ener gy2v(K, F, param ; % - Pl ot energy contour

>> param surfacepl ot _num = 1; %-- Plot the surface plot in Figure nunber 1
>> param cont our pl ot _num = 2; % -- Plot the contour plot in Figure nunmber 2

Next compute the minimum of the potential energy by emplgyire MATLAB functionf mi nunc. One must first set
default parameters for the function which define the behafithe function. Recall how we set optional parameters
to solve the boundary value problem in Lab 3. The selectiadh@following parameters will define the accuracy and
quality of the results obtained.

>> options = optimset; % -- Sets default options for the m nimnzati on
>> options. Maxlter = 50; % -- Maxi mum nunber of iterations
>> options. MaxFunEval s = 50; % -- Maxi mum nunber of function eval uations
>> options. Tol X = le-3; %-- Tolerance in the input argunent X
>> options. Tol Fun = le-3; %-- Tolerance in the output function val ue
>> options. FinDi ff Type =" central ’;
% -- Use central difference for

i ncreased accuracy
>> options. Di splay ='iter';%-- Show solution process on screen

iteratively
>> options. Pl ot Fcns = @ptinplotfval;

% -- Show visually the decrease in the
function val ue

Finally call the MATLAB function which minimizes the potdat energy,

>> u0 = [0;0;];
>> [uval,fval,exitflag] = fm nunc(@u)potential energy(K, F, u, paranj, u0, opti ons);

In the output arguments,

uval : the value ofu at the computed minimum
fval : the function value of the potential energy computed at thtaiaedu,
exitflag : gives information on whether the solution is valid or not.



In the input arguments,

uo : the initial approximation to the value of

options : a structure defining the options.

@u) potenti al energy(K, F, u, param : the function handle to the potential energy function
with variable arguments.

Potential energy for a 2 spring system

The expression for the matriK of the system constructed from 2 springs shown in Figure 1 is,

k1 ke —ko
=[P ]

wherek; andks are the stiffnesses of the springs. Define the displacenmelbad at the two nodes as, Fi, us, Fs.

P AW AN~

L » L

ky uy, Fy ko ug, Fy

Figure 1: 2 variable system

For each of the following cases, compute the minimum of themutal energy and answer the questions,

Does the potential energy have a minimum? Explain why or wdty n
Does the system have an equilibrium point? If it does, is yiséesn stable at this equilibrium point?

Do you obtain the same minimum for any initial approximatidi? If there is a minimum, what is the value of
the minimum and what is the displacemer#t the minimum. How accurate are your answers compared to the
exact solution?

Can you obtain a minimum by changing the initial approximatiO?

If the potential energy has a minimum, how do the approxiametiapproach the minimum using the function
fm nunc?



1. ki =02,k =1,F1 =0,F, =1,u0 = [—4,2]:

2. k1= —05,ko=1,F =1,F;, =1,u0 = [2, —4]:



3. k1 =0,ko=1,F=1,F,=1,u0 = [O,—4]:

4. ki =0k =1,F1=1,F,=-1,u0= [O, —4]:
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5.4 Potential energy for truss structures

Compute the minimum of the potential energy for truss striegt using the functiohm nunc.
One must first compute the matrl;; and vectorr;. To obtain these one must run the following lines of
MATLAB code.

>> clear all;
>> cl ose al |;

>> mesh_data_truss_exanple; %-- |oad data
>> pl ot mesh( nesh) ; % -- plot nmesh
>> formmatri ces; %-- formmatrices and vectors

Then one must set the parameters which define the perfornaditioe algorithm.

>> options = optimset; % -- Sets default options for the mnimzation
>> options. Maxlter = 50; % -- Maxi mum nunber of iterations

>> options. MaxFunEval s = 50; % -- Maxi mum nunber of function eval uations

>> options. Tol X = le-3; %-- Tolerance in the input argunment X

>> options. Tol Fun = le-3; %-- Tolerance in the output function val ue

>> options. FinDiffType =" central ’;
% -- Use central difference for
i ncreased accuracy
"iter';%-- Show solution process on screen
iteratively
>> options. Pl ot Fcns = @ptinplotfval;
% -- Show visually the decrease in the
function val ue

>> options. Di spl ay

Finally call the MATLAB function which minimizes the potdat energy,

>> uf0 =10;0;];
>> [ufval,fval,exitflag] =
fm nunc( @ uf) potential energy(Kff, Rf, uf), uf0, options);

In the output arguments,

uf val : the value ofu; at the computed minimum
fval : the function of the potential energy computed at the oletginy,
exitflag . gives information on whether the solution is valid or not.

11



In the input arguments,

uf 0 : the initial approximation to the value of;
options : a structure defining the options.
@ uf) potenti al energy(Kff, Rf, uf) : the function handle to the potential energy function

with variable arguments.

One can display the obtained results by the following proced

>> mesh= mesh_setuf (nesh,ufval); %-- Set ufval into nmesh
>> pl ot def o( nesh, lel); % -- plot deforned configuration for check

For each of the following cases, compute the minimum of themqtéal energy and answer the questions,
e Does the potential energy have a minimum? Explain why or wdty n
e Does the system have an equilibrium point? If it does, is yséesn stable at this equilibrium point?

e Do you obtain the same minimum for any initial approximatidr0? If there is a minimum, what is the value
of the minimum and what is the displacementat the minimum. How accurate are your answers compared to
the exact solution?

e Can you obtain a minimum by changing the initial approximatiO?
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1. nesh_dat a_truss_exanpl e. m
uf 0=[0; 0; ] ;

2. nesh_data_truss_exl. m
uf 0=[0;1;0;0.5;];
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3. nesh_dat a_truss_ex2. m
uf0=[0; 1;0;0.5;1];

4. mesh_dat a_howe. m
uf O=al | zeros;
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